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ABSTRACT
The radiation mechanism of fast radio bursts (FRBs) is believed to be coherent curvature radiation
or synchrotron maser. We find that these radiation mechanisms limit the central engine to be highly
magnetized neutron stars or accreting black holes. We provide a general calculation of the multi-band
counterparts (nebulae for repeating FRBs, and afterglows for non-repeating FRBs) powered by the
FRB central engines, based on synchrotron radiation from relativistic electrons. This calculation is
applied to the nebula associated with FRB 121102. The observed persistent radio counterpart and the
rotation measure can be consistently explained in a one-zone model, when the central engine is only
sporadically active with the same duty cycle as the FRB. This disfavours persistent central engines.
In general, the energy spectra and flux densities of the FRB counterparts depend strongly on the
size of the counterpart, which implies that both the central engine and the circum-burst medium play
important roles in the observability of the counterparts. Our study suggests that FRBs with significant
rotation measures may have more detectable persistent radio emission.
Keywords: radio continuum: general – radiation mechanisms: non-thermal – stars: magnetars – rela-
tivistic processes
1. INTRODUCTION
Fast raido bursts (FRBs) are mysterious radio transients of milliseconds duration. Up to now, more than eighty
FRBs has been discovered (Lorimer et al. 2007; Keane et al. 2012; Thornton et al. 2013; Masui et al. 2015; Ravi et al.
2015, 2016; Champion et al. 2016; Petroff et al. 2016, 2017; Shannon et al. 2018; CHIME/FRB Collaboration 2018;
Zhang et al. 2019; Bannister et al. 2019), among which two of them are found to be repeaters (Spitler et al. 2014, 2016;
Scholz et al. 2016; Chatterjee et al. 2017; Law et al. 2017; CHIME/FRB Collaboration et al. 2019). Due to their large
dispersion measures (DM), FRBs are believed to be of extragalactic origin; this is further supported by the direct
localization of the host galaxies of FRB 121102 (Chatterjee et al. 2017; Marcote et al. 2017; Tendulkar et al. 2017),
FRB 180924 (Bannister et al. 2019), and FRB 190523 (Ravi et al. 2019).
Many theoretical models of (repeating) FRBs invoke compact stars, especially highly magnetized neutron stars
(see the recent reviews by Platts et al. 2018; Cordes & Chatterjee 2019, and references therein). Activities from such
compact stars can drive strong outflows, leading to the formation of nebulae or afterglows. Such a nebula has been
suggested to explain the persistent radio counterparts associated with FRB 121102 (Chatterjee et al. 2017; Dai et al.
2016; Murase et al. 2016; Metzger et al. 2017; Cao et al. 2017; Beloborodov 2017; Waxman 2017; Xiao & Dai 2017;
Margalit et al. 2018; Margalit & Metzger 2018).
It is of great importance to study the possible electromagnetic counterparts of the FRBs. It can not only help
to identify the host galaxies of the FRBs, but also serve as an important tool to study the progenitors and their
ambient environment. Yang et al. (2016) studied the FRB-heated nebula and found that there will be a hump in the
spectrum. Recently, Yang et al. (2019) found that the optical transient due to inverse Compton scatterings of the
prompt radiation of FRBs is generally too weak to be detectable. Metzger et al. (2019) studied the X/gamma-ray
transient emissions based on the model of decelerating relativistic blast waves. In this paper, we will not assume any
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specific models of FRBs. Instead, we combine the current understanding of the FRB radiation mechanisms and the
nebula associated with FRB 121102 to constrain the FRB central engine in a general way. On this basis, we study the
nebulae and their RM for repeating FRBs and afterglows for non-repeating FRB.
The paper is organised as follows: In Section 2, we briefly review the radiation mechanisms for FRBs and their
implications on the central engine. In Section 3, we study the nebula or afterglow powered by the outflows from the
same central engine, and apply it to FRB 121102. The conclusion and discussion are given in the Section 4.
2. RADIATION MECHANISM AND PROGENITORS FOR FRBS
The radiation mechanism of FRBs must be coherent due to their high brightness temperature T & 1035 K (e.g.
Lyutikov 2017; Lu & Kumar 2018). Lu & Kumar (2018) reviewed a variety of coherent radiation mechanisms, and
favoured coherent curvature radiation around magnetic neutron stars (e.g. Kumar et al. 2017; Yang & Zhang 2018, and
references therein). Recent studies suggest that synchrotron maser may also be possible but with a very low radiation
efficiency (e.g. Plotnikov & Sironi 2019, and references therein). We summarize these two radiation mechanisms below,
and then place some constraints on the central engine.
2.1. Coherent curvature radiation
Coherent curvature radiation is produced by bunches of coherently moving electrons. The Lorentz factor of the
electrons emitting GHz radiation in magnetic field lines with a curvature radius ρ = 107ρ7 cm is
γ ≈ 110ρ
1/3
7 ν
1/3
9 , (1)
where ν9 = ν/(10
9 Hz). The radiation power of a single electron is
Pe = 2γ
4e2c/(3ρ2). (2)
If a coherent bunch contains Ne,coh net electrons, the total emitted power will be enhanced to Pcoh = N
2
e,cohPe. The
number of electrons in the bunch is
Ne,coh = ncohVB = 1.1× 10
21ncoh,12ρ
2/3
7 ν
−7/3
9 , (3)
where ncoh = 10
12ncoh,12 cm
−3 is the electron density, and the volume of the bunch is VB = SBλ with an area
SB = πγ
2λ2,1 and λ = c/ν. Suppose there are NB = 10
5NB,5 bunches moving toward the observer within the angle of
γ−1 at the same time, the corresponding observed flux density at the luminosity distance D = DGpc Gpc is
FFRB,ν ≈ NBN
2
e,cohγ
4PeD
−2ν−1 = 1.3NB,5n
2
coh,12ρ
2
7ν
−3
9 D
−2
Gpc Jy. (4)
The required radiation surface area is S ∼ NBSB = 3.5× 10
12NB,5ρ
2/3
7 ν
−4/3
9 cm
2.
In the lab-frame, the radiation formation time of a bunch is
tr ≈ γ
2ν−1 ≈ 1.2× 10−5ρ
2/3
7 ν
−1/3
9 s. (5)
Thus, bunches must form continuously to make an FRB, since the duration of FRBs (∼ γ2 ms) is much longer. The
typical cooling time for the bunch is,
tc = γmec
2/(Ne,cohPe) = 1.3× 10
−11ρ
1/3
7 ν
4/3
9 n
−1
coh,12 s. (6)
This is much shorter than the radiation time tr. One possible solution is that there exists an electric field continuously
accelerating the electron bunches, as suggested by Kumar et al. (2017). The required local magnetic field for the
acceleration is
Bacc & Eacc ∼ Ne,cohPe/ec = 5.3× 10
5ncoh,12ν9 G. (7)
Alternatively, a bunch may contain many e± pairs Np, yet the net charge is small (Cordes & Wasserman 2016). In
this case, the cooling time becomes t′c = Npγmec
2/(N2e,cohPe). To match the radiation formation time tr, the pair
1 The electrons within this area can be causally connected during radiating, see Lu & Kumar (2018). And the area can be larger, if only
the geometric effect of the magnetic field is considered, see Cordes & Wasserman (2016) and Yang & Zhang (2018).
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density should satisfy np = Np/VB = 1.0× 10
18n2coh,12ρ
1/3
7 ν
−5/3
9 . The Goldreich-Julian (GJ) density of a millisecond
magnetar is nGJ = 6.90 × 10
15B14P
−1
−3 (r/RNS)
−3 cm−3, where B = B1410
14 G and P = P−310
−3 s. Therefore,
a multiplicity M = np/nGJ = 1.5 × 10
2n2coh,12ρ
1/3
7 P−3(r/RNS)
3ν
−5/3
9 B
−1
14 is required, and this is achievable for a
magnetar (see e.g. Medin & Lai 2010, and references therein).
These moving charged bunches will induce a magnetic field (Bind). To make sure that this induced field do not
significantly change the radiation direction, the local field must satisfy the condition (Lu & Kumar 2018),
B > γBind ≈ γ4πjS
1/2
B /c = 1.4× 10
12ncoh,12N
1/2
B,5ρ
2/3
7 ν
−1/3
9 G, (8)
where j = 2neec. Therefore, coherent curvature radiation can operate for FRB only when B > 1.2 ×
1012(FFRB,ν/Jy)
1/2ρ
−1/3
7 ν
7/6
9 DGpc G.
2.2. Synchrotron maser
Lyubarsky (2014) and Beloborodov (2017) suggested that the synchrotron maser generated in a relativistic shock
can also produce FRBs. The required condition is that the pre-shocked outflow must be highly magnetised with a
magnetization parameter σ & 0.1. This leads to a rather low radiation efficiency (fr . 10
−5) in the observed band
(Iwamoto et al. 2017, 2018; Plotnikov & Sironi 2019; Metzger et al. 2019), which is consistent with the non-detection
of radio emission from the flare of SGR 1806-20 (see e.g. Lyutikov 2017). Close to the source region, the magnetic
energy is
EB =
σ
1 + σ
EFRB
fr
≈
1
6
B2R3source, (9)
which leads to B ≈ 109σ1/2E
1/2
FRB,40R
−3/2
source,9(1 + σ)
−1/2f
−1/2
r,−5 G, with EFRB,40 = EFRB/(10
40 erg), Rsource,9 =
Rsource/(10
9 cm), and fr,−5 = fr/10
−5. The radiation spectrum will be peaked at the frequency of (Plotnikov & Sironi
2019; Metzger et al. 2019),
νpk ≈ 3Γνp, (10)
where νp is the plasma frequency, and Γ accounts for the Doppler effect from the post-shock frame. .
2.3. Possible Central engines
Since both radiation mechanisms constrain the central engine to be highly magnetized, B & 109R
−3/2
source,9 G for
synchrotron maser, and B & 1012 G for coherent curvature radiation, only neutron stars or accreting black holes are
possible. Note that white dwarfs with Rsource,9 ∼ 1 generally have magnetic fields lower than 10
8 G.
For the accreting black holes, the magnetic field on the black hole horizon, and the luminosity of the jet extracted
from the black hole are (Blandford & Znajek 1977; Lee et al. 2000a,b; Liu et al. 2018)
BH≈ 1.3× 10
13M˙1/2M−1BH G, (11)
E˙BZ≈ 1.7× 10
20a2∗M
2
BHB
2
H ≈ 2.9× 10
46M˙a2∗ erg/s, (12)
where the black hole mass MBH and the accretion rate M˙ are in units of solar mass M⊙ and M⊙/yr, respectively, and
a∗ is the dimensionless spin parameter of the black hole. Consequently, super-Eddington accretion rate is required to
power FRBs. It is interesting to note that episodic behaviour in jets and accretion disks has been suggested in active
galactic nuclei and microquasars (e.g. Shende et al. 2019, and references therein). The accretion timescale determines
the lifetime of FRBs. In the collapsar model, such high accretion rate can only last for a few days, since it drops as
t−5/3 (e.g. MacFadyen et al. 2001; Zhang et al. 2008). Therefore, it is unlikely that a repeating FRB with age > 1 yr
is powered by accreting black holes.
It has been widely suggested that newly born magnetars may be the central engine of FRBs (Popov & Postnov 2013;
Lyubarsky 2014; Connor et al. 2016; Cordes & Wasserman 2016; Lyutikov et al. 2016; Katz 2016; Metzger et al. 2017;
Beloborodov 2017; Katz 2017; Kumar et al. 2017; Nicholl et al. 2017; Margalit et al. 2018; Margalit & Metzger 2018;
Lyutikov 2019; Metzger et al. 2019; Cordes & Chatterjee 2019). However, burst phenomena can also be produced by
old neutron stars via interaction with companion stars or planets (e.g. Geng & Huang 2015; Wang et al. 2016; Zhang
2016; Dai et al. 2016; Wang et al. 2018), or ‘combed’ by some energetic flows (Zhang 2017).
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3. ELECTROMAGNETIC COUNTERPARTS OF FRBS
Magnetized outflows generated by the central engines of FRBs can carry even more energies than the radio burst,
since the radio radiation efficiency fr is usually very low (e.g. fr . 10
−5 for the synchrotron maser). Such magnetized
outflows can power afterglows for non-repeating FRBs and ‘nebulae’ for repeating FRBs. We study such electro-
magnetic counterparts below, but the fiducial parameter values are chosen for the persistent nebulae.
Suppose an amount of energy Etot = 10
50Etot,50 ergs is injected over a time ta, and distributed uniformly in a
“bubble” with radius R = Rpc pc. The energy is mainly carried by leptons (a fraction of ǫe) and magnetic fields (a
fraction of ǫb) with ǫe + ǫb ≈ 1. The magnetic field in the bubble is
B =
√
6ǫbEtot/R3 = 4.5× 10
−3E
1/2
tot,50ǫ
1/2
b R
−3/2
pc G. (13)
The electrons are injected with a power-law spectrum dne/dγe = Kγ
−p
e in γmin ≤ γe ≤ γmax, where γmin and γmax
are the minimum and maximum Lorentz factor, respectively. The power-law index is assumed to be 1 < p < 2, as
found in the radio counterpart of FRB 121102 (Chatterjee et al. 2017). Such hard electron spectra are also observed in
some pulsar wind nebulae (e.g. Chevalier 2005) and ‘magnetar’ wind nebula (Granot et al. 2017). It is noteworthy that
simulations of magnetic reconnection in the magnetized plasma σ > 10 also produce electron spectra with p ≈ 1.5 (see
Law et al. 2019, and reference therein). The normalization factor K can be obtained by 3ǫeEtot/4πR
3 =
∫
γmec
2dne,
K ≈
3(2− p)ǫeEtot
4πR3mec2γ
2−p
max
=
p=1.4
1.5× 10−4ǫeEtot,50γ
−3/5
max,6R
−3
pc cm
−3, (14)
where γmax = 10
6γmax,6. The total number of electrons is Ne = 4πR
3ne/3, with the electron density given by
ne =
∫ γmax
γmin
dne.
Synchrotron radiation cools down the electrons. In a dynamical time of td = 10
2td,2 years, electrons with Lorentz
factor larger than the critical value γc will significantly lose their energy (Sari et al. 1998), where
γc = 6πmec/(σTB
2td) = 1.2× 10
4R3pcE
−1
tot,50t
−1
d,2ǫ
−1
b . (15)
For the nebula, the dynamical time equals to the age of the central engine, td = ta. The corresponding critical
synchrotron radiation frequency is
νc = γ
2
ceB/(2πmec) = 1.8× 10
3R9/2pc E
−3/2
tot,50t
−2
d,2ǫ
−3/2
b GHz. (16)
Due to the synchrotron cooling, the steady-state electron spectrum becomes (Sari et al. 1998)
dne
dγe
=
{
Kγ−pe , γmin ≤ γe < γc,
Kγcγ
−(p+1)
e , γc ≤ γe ≤ γmax.
(17)
The corresponding synchrotron spectrum is characterized by three break frequencies: the critical frequency (νc), the
synchrotron self-absorption frequency (νa), and the typical frequency produced by the electrons with the minimum
Lorentz factor (νm). The later is giving by
νm =
γ2mineB
2πmec
= 1.2× 10−5γ2minE
1/2
tot,50ǫ
1/2
b R
−3/2
pc GHz. (18)
The synchrotron self-absorption frequency is determined by setting the synchrotron optical depth to unity, τ = kνR =
1, where kν is the synchrotron self-absorption coefficient. For electrons with a power-law distribution, νa is giving by
Eq. 6.53 of Rybicki et al. (1986) or Eqs. (A8, A9) of Wu et al. (2003),
νa =


(
c2eKRp
B
)2/(p+4)
eB
2pimec
=
p=1.4
0.02E
37/54
tot,50ǫ
17/54
b ǫ
10/27
e R
−91/54
pc γ
−2/9
max,6 GHz, νa > νm,(
c1eKRp
B
)3/5
γ
−3(p+4)/5
min νm =
p=1.4
2.9E
4/5
tot,50ǫ
1/5
b ǫ
3/5
e γ
−9/25
max,6 γ
−31/25
min R
−9/5
pc GHz, νa < νm,
(19)
Then the overall synchrotron radiation spectrum is (Me´sza´ros & Rees 1997; Sari et al. 1998)
Fν =
{
Fν,max(ν/νm)
−(p−1)/2, Max[νa, νm] < ν < νc,
Fν,max(νc/νm)
−(p−1)/2(ν/νc)
−p/2, ν ≥ νc.
(20)
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The peak flux density at a luminosity distance D = DGpc Gpc is
Fν,max =
Ne
4πD2L
mec
2σT
3e
B
=
p=1.4
65.7E
3/2
tot,50ǫeǫ
1/2
b D
−2
GpcR
−3/2
pc γ
−2/5
min γ
−3/5
max,6 µJy.
(21)
3.1. Constraint on FRB 121102
For the persistent source associated with FRB 121102 (Chatterjee et al. 2017), the critical frequency is νc = 10(1+zs)
GHz, and the peak flux is Fν,max & 250 µJy. The photon spectral index is ∼ −0.2 for frequency below νc, while
above this frequency, it’s ∼ −0.7. This leads to an electron spectral index of p ≈ 1.4. The redshift is zs = 0.193
(Tendulkar et al. 2017), so the luminosity distance to the observer is D = 0.972 Gpc. The size of this persistent source
is found to be R . 0.7 pc (Chatterjee et al. 2017; Marcote et al. 2017). From Eqs. (16) and (21), we find
ǫb = 28.6R
3
pcE
−1
tot,50t
−4/3
d,2 , (22)
γmin . 2.7E
5/2
tot,50ǫ
5/2
e t
−5/3
d,2 γ
−3/2
max,6. (23)
The condition ǫb . 1 translates to
Etot,50 & 28.6R
3
pct
−4/3
d,2 . (24)
The absence of spectral break in the frequency range of 1.6− 10 GHz requires that νm < 1.6(1 + zs), i.e.,
Etot,50 < 5.2t
4/5
d,2 γ
3/5
max,6ǫ
−1
e . (25)
The detection of FRB 121102 in the 600 MHz band (Josephy et al. 2019) leads to νa < 0.6(1 + zs) GHz,
Etot,50 < 2.6× 10
2t
17/15
d,2 γ
3/5
max,6ǫ
−1
e , & Etot,50 < 1.8γ
3/5
max,6t
58/75
d,2 R
−4/25
pc ǫ
−1
e , for νa > νm,
Etot,50 > 1.7t
18/25
d,2 γ
3/5
max,6ǫ
−1
e , & Etot,50 > 2.0t
58/75
d,2 γ
3/5
max,6ǫ
−1
e , for νa < νm, (26)
Now let’s re-write the energy injection as
Etot = αLFRBta = (fDCf
−1
r + δ)LFRBta, (27)
where the age of the active central engine ta = td for the nebulae, α = fDCf
−1
r + δ is a dimensionless prefactor related
to the averaged energy injection rate, fDC is the duty cycle, δ = Lext/LFRB, and Lext corresponds to any possible
extra injection from the central engine. The radiation efficiency is fr . 10
−5 for the synchrotron maser. For the
observed giant pulses of radio pulsars, the maximum efficiency is fr . 10
−3∆Ω−1 (See Table 1 of Wang et al. (2019)
and Manchester et al. (2005)), where ∆Ω = 0.1∆Ω−1 sr is the opening angle of giant pulses. The duty cycle for
persistent central engines, such as pulsar winds, is fDC = 1. For the sporadically active central engine, it can be as
small as fDC = tFRB/∆t ≈ 2.3× 10
−7, where the duration of FRBs is taken to be tFRB = 5 ms, and the mean waiting
time between bursts is ∆t ≈ 6 hr (Law et al. 2017; Oppermann et al. 2018). The fraction δ is uncertain. Overall, the
magnitude of α is strongly dependent on the activity of the central engine. Therefore, it is of great importance to
constrain it.
Observation shows that LFRB ≈ LFRB,4310
43 erg/s for FRB 121102. Eqs 23 - 26 then yield
α& 0.1L−1FRB,43R
3
pct
−7/3
d,2 , (28)
α< 0.01L−1FRB,43γ
3/5
max,6t
−1/5
d,2 ǫ
−1
e , (29)
α< 0.8t
2/15
d,2 γ
3/5
max,6ǫ
−1
e L
−1
FRB,43, & α < 5.9× 10
−3γ
3/5
max,6R
−4/25
pc t
−17/75
d,2 ǫ
−1
e L
−1
FRB,43, for νa > νm,
α> 5.2× 10−3γ
3/5
max,6t
−7/25
d,2 ǫ
−1
e L
−1
FRB,43, & α > 6.3× 10
−3γ
3/5
max,6t
−17/75
d,2 ǫ
−1
e L
−1
FRB,43, for νa < νm. (30)
Eqs. 28 and 29 require that
ǫe < 0.1t
32/15
d,2 γ
3/5
max,6R
−3
pc . (31)
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Since FRB 121102 has been repeating for about 6 yrs, the central engine is likely to be a magnetized neutron star
rather than an accreting black hole. We consider two different cases here. If the central engine is continuously active
such as in the case of pulsar winds, one expects α & 1/fr & 10
3f−1r,−3, where fr,−3 = fr/10
−3. Combining with Eq.
29, we find ǫe < 10
−4L−1FRB,43γ
3/5
max,6t
−1/5
d,2 ≪ 1. This leads to ǫb ∼ 1. The combination of Eq. 22 with td,2 > 0.06
and Rpc < 0.7 requires that α ≈ 0.1L
−1
FRB,43R
3
pct
−7/3
d,2 < 24L
−1
FRB,43. Clearly, this is in tension with the expected value
for the continuous central engine (α & 103f−1r,−3). Therefore, the central engine is most likely to be only sporadically
active. Taking the duty cycle fDC = 2.3× 10
−7 for FRB 121102, we have
α & 2.3× 10−4f−1r,−3. (32)
This is compatible with Eqs. 28 - 30. For example, if we take some reasonable parameters for a young nebula, such as
0.06 < td,2 . 1, 1 < γmax,6 < 10
2, and ǫe & 0.1, Eqs. 28 and 29 become α . 1 and Rpc . 0.1, and Eq. 30 can also be
satisfied.
3.2. DM and RM from the nebula associated with FRB 121102
As discussed above, FRB 121102 and its nebula favour a sporadically active central engine. This is also supported
by the observed large RM, which requires non-relativistic or at least mild relativistic electrons, as we demonstrate
below. The minimum Lorentz factor from a sporadic central engine is γmin . 4α
5/2
−2 ǫ
5/2
e t
5/6
d,2 γ
−3/2
max,6 ∼ O(1) (see Eq. 23),
where α = 10−2α−2. Therefore, we scale the number density of the non-relativistic electrons as ∼ fene, where fe can
be greater than 1. Note that for electrons of spectrum index (p ≃ 1.4), the extra component of low-energy electrons
will only occupy a negligible fraction of energy in the nebula. We then write the RM as
RM ≈
e3
2πm2ec
4
feneB‖Rl
1/2 ≈ 3.3ξR−2pc rad m
−2, (33)
where ξ = fel
1/2 and l (in units of the nebula size) is the coherent length of the magnetic field. For the observed RM
≃ 105 of FRB 121102 (Michilli et al. 2018), we obtain Rpc ≈ 5.6×10
−3ξ1/2. Assuming that the nebula size Rpc ∝ t
a
d,2,
then RM ∝ t−2ad,2 . It leads to ∆ RM / RM ∼ −2a∆t/t. The observed variation of RM is about ∆ RM / RM ∼ −0.1 in
∆t = 8 months. This means that the age is t ≈ 13.3a years. For a typical young pulsar wind nebula, one has a & 6/5
(e.g. Chevalier 2005). Substituting t ≈ 13.3a and Rpc ≈ 5.6× 10
−3ξ1/2 into Eqs. 28 - 30, we find
α& 1.8× 10−6L−1FRB,43ξ
3/2a−7/3, (34)
α< 0.02L−1FRB,43γ
3/5
max,6a
−1/5ǫ−1e , (35)
α< 0.6a2/15γ
3/5
max,6ǫ
−1
e L
−1
FRB,43, & α < 0.02γ
3/5
max,6ξ
−2/25a−17/75ǫ−1e L
−1
FRB,43, for νa > νm,
α> 0.01γ
3/5
max,6a
−7/25ǫ−1e L
−1
FRB,43, & α > 0.01γ
3/5
max,6a
−17/75ǫ−1e L
−1
FRB,43, for νa < νm. (36)
Eqs. 35 and 36 indicate that the νa > νm case is less constraining and more reasonable. The upper and lower bounds
of α are then given by Eqs. 32, 34, 35, and 36,
αmax=Min[0.02L
−1
FRB,43γ
3/5
max,6a
−1/5ǫ−1e , 0.02γ
3/5
max,6ξ
−2/25a−17/75ǫ−1e L
−1
FRB,43] (37)
αmin=Max[1.8× 10
−6L−1FRB,43ξ
3/2a−7/3, 2.3× 10−4f−1r,−3]. (38)
The dispersion measure (DM) of the nebula reads
DM ≈ feneR ≈ 1.7× 10
−4t
2/3
d,2R
−2
pc ≈ 1.3a
2/3ξ−1 pc cm−3, (39)
and scales as DM ∝ t
2/3−2a
d,2 . The constant observed DM for FRB 121102 implies that the DM contribution from the
nebula is negligible, which implies a2/3ξ−1 . 1.
3.3. Summary of nebulae associated with repeating FRBs
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Since the nebula can well explain the observation of FRB 121102, we generalize the expressions of Sections 3.1 and
3.2 to show their dependences of the observational parameters. We take the electron spectral index p = 1.4 as an
example for the FRB nebulae. The spectral break frequencies are
νm=2.2× 10
−3α
1/2
−2 t
1/2
d,2 ǫ
1/2
b,−3L
1/2
FRB,43γ
2
minR
−3/2
pc,−2 GHz, (40)
νa≡
{
νa1 = 29α
37/54
−2 t
37/54
d,2 ǫ
17/54
b,−3 L
37/54
FRB,43ǫ
10/27
e R
−91/54
pc,−2 γ
−2/9
max,6 GHz, νa > νm,
νa2 = 1.1× 10
4α
4/5
−2 t
4/5
d,2 ǫ
1/5
b,−3L
4/5
FRB,43ǫ
3/5
e R
−9/5
pc,−2γ
−9/25
max,6 γ
−31/25
min GHz, νa < νm,
(41)
νc=3R
9/2
pc,−2α
−3/2
−2 t
−7/2
d,2 ǫ
−3/2
b,−3 L
−3/2
FRB,43 = 3.4ν
−81/37
a1,9 R
30/37
pc,−2ǫ
30/37
e ǫ
−30/37
b,−3 t
−2
d,2γ
−18/37
max,6 GHz, (42)
where ǫb = 10
−3ǫb,−3, Rpc,−2 = Rpc/10
−2 and νa1,9 = νa1/10
9 Hz. We scale νc with νa1, since we have νm < νa for
typical parameter values. The peak flux density can be written as
Fν,max=3.7× 10
3α
3/2
−2 t
3/2
d,2 ǫeǫ
1/2
b,−3L
3/2
FRB,43D
−2
GpcR
−3/2
pc,−2γ
−2/5
min γ
−3/5
max,6 µJy, (43)
=35ν
81/37
a1,9 R
81/37
pc,−2ǫ
7/37
e ǫ
−7/37
b,−3 D
−2
Gpcγ
−21/185
max,6 γ
−2/5
min µJy.
A sample of the radio, optical and X-ray flux densities of a FRB nebula, under the assumption of R ∝ td, are shown
in Figure 1. The increasing phase of the flux density at 10, 100, 6 × 105, and 108 GHz arises because the critical
frequency increases with time, while the reason for increasing phase of the flux density at 1 GHz is that the absorption
frequency decreases with time, so that it becomes transparent for 1 GHz at around few tens of years.
100 101 102 103
t(yr)
10−3
10−2
10−1
100
101
F ν
(μ
Jy
)
ν=1 GHz
ν=10 GHz
ν=100 GHz
ν=6×105 GHz
ν=108 GHz
Figure 1. The radio, optical, and X-ray counterparts of a nebula are shown with different colours. The fiducial parameters are
fixed at α
−2 = 1, ǫb,−3 = 1, LFRB,43 = 1 , DGpc = 1, γmin = 2, γmax,6 = 1, R = v0t with v0 = 10
8 cm/s.
Since there could be a significant population of cold electrons, the RM and DM contributed by the nebula are
RM=7.6× 105ξα
3/2
−2 t
3/2
d,2 ǫ
1/2
b,−3L
3/2
FRB,43ǫeR
−7/2
pc,−2γ
−3/5
max,6γ
−2/5
min rad m
−2, (44)
=2.1× 104ξ(Fν,max/10
2µJy)D2GpcR
−2
pc,−2 rad m
−2,
DM=11feα−2td,2LFRB,43ǫeR
−2
pc,−2γ
−3/5
max,6γ
−2/5
min pc cm
−3, (45)
=0.2feν
54/37
a1,9 R
17/37
pc,−2ǫ
17/37
e ǫ
−17/37
b,−3 γ
−51/185
max,6 γ
−2/5
min pc cm
−3.
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The scaling laws are Fν,max ∝ ν
81/37
a1,9 R
81/37
pc,−2 and RM ∝ Fν,maxD
2
GpcR
−2
pc,−2. FRBs are observed around GHz,
implying that νa . GHz, therefore, Fν,max < 35R
81/37
pc,−2ǫ
7/37
e ǫ
−7/37
b,−3 D
−2
Gpcγ
−21/185
max,6 γ
−2/5
min µJy, and RM< 7.3 ×
103ξR
7/37
pc,−2ǫ
7/37
e ǫ
−7/37
b,−3 γ
−21/185
max,6 γ
−2/5
min rad m
−2. Since DM< 0.2feR
17/37
pc,−2ǫ
17/37
e ǫ
−17/37
b,−3 γ
−51/185
max,6 γ
−2/5
min pc cm
−3, sug-
gesting that it’s negligible. For certain parameter regime, the nebula will be peaked in the optical band. For example,
when νc ≈ 6× 10
5 GHz, the peak flux density is
Fν,max ≈ 30α−2t
1/3
d,2 ǫeLFRB,43D
−2
Gpcγ
−2/5
min γ
−3/5
max,6 µJy. (46)
3.4. Summary of afterglows associated with non-repeating FRBs
For a non-repeating FRB, an afterglow can be produced by the outflow. In this case, we expect that the age of
central engine is of order the duration of FRB ta ∼ tFRB, the duty cycle fDC ∼ 1, and the corresponding total energy
in the afterglow is Etot = 10
43α3LFRB,43tFRB,−3 erg, where α3 = α/10
3 and tFRB = 10
−3tFRB,−3 s. We obtain
νa≡
{
νa1 = 78E
37/54
tot,43ǫ
17/54
b,−3 ǫ
10/27
e R
−91/54
13 γ
−2/9
max,6 GHz, νa > νm,
νa2 = 1.3× 10
4E
4/5
tot,43ǫ
1/5
b,−3ǫ
3/5
e R
−9/5
13 γ
−9/25
max,6 γ
−31/25
min GHz, νa < νm,
(47)
νc=3.6× 10
3R
9/2
13 E
−3/2
tot,43t
−2
d,−3ǫ
−3/2
b,−3 GHz, (48)
Fν,max≈ 0.01E
3/2
tot,43ǫ
1/2
b ǫeD
−2
GpcR
−3/2
13 γ
−2/5
min γ
−3/5
max,6 µJy, (49)
where Etot,43 = Etot/10
43 ergs, R13 = R/10
13 cm, and td,−3 = td/10
−3 yr. A sample of the radio, optical and X-ray
flux densities, under assumption of R ∝ td, are shown in Figure 2. The increasing phase of the flux density in 1 and
10 GHz is caused by the decreasing of the absorption frequency. This is also consistent with the detection upper limit
of the counterparts of FRB 180924 (Bannister et al. 2019).
10−1 100 101 102
t(day)
10−8
10−7
10−6
10−5
10−4
10−3
F ν
(μ
Jy
)
ν=1 GHz
ν=10 GHz
ν=100 GHz
ν=6×105 GHz
ν=108 GHz
Figure 2. The radio, optical, and X-ray counterparts of a non-repeating FRB afterglow are shown with different colours. The
fiducial parameters are fixed at Etot,43 = 1, ǫb,−3 = 1, DGpc = 1, γmin = 2, γmax,6 = 1, R = v0t with v0 = 3.2× 10
8 cm/s.
4. CONCLUSION AND DISCUSSION
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In this paper, we have studied the general requirements of the radiation mechanisms for FRBs (coherent curvature
radiation and synchrotron maser). We find that the FRB central engine must be neutron stars or accreting black holes
because of the requirement of very high magnetic fields (e.g. > 109 G) in the central engine. Since these radiation
mechanisms are usually of very low efficiency fr . 10
−3, we expect that most of the energy is carried out by some
highly magnetized outflows. We study the counterpart (nebulae for repeating FRBs, and afterglows for non-repeating
FRBs) powered by such magnetized outflows using a simple one-zone model.
We have applied our general consideration to the nebula associated with FRB 121102. We find that to explain both
the persistent radio radiation and the RM, a sporadically active central engine is required, with a duty cycle consistent
with that observed for FRB 121102. Therefore, if the central engine of FRB 121102 is a magnetar, the burst events
must be driven by the sporadic activities, such as magnetar flares and collisions between the magnetar and asteroids in
an asteroid belt. Meanwhile, the extra luminosity (corresponding to the term Lext = δLFRB in Eq. 27) must not exceed
the luminosity from the flares, since δ < α . 0.02 (see Eq. 38). This constraint resembles the so-called ‘classical’
magnetars, as manifested in anomalous X-ray pulsars and soft gamma-ray repeaters. It is interesting to note that
the birth rate of such ‘classical’ magnetars is much higher than that of the magnetars in super-luminous supernovae
and long gamma-ray bursts (Nicholl et al. 2017). The nebula age is found to be a few tens of years, consistent with
other recent work (e.g. Margalit et al. 2018). Afterglows produced by non-repeating FRBs are difficult to detect, with
a typical flux density . 10−3 µJy at 1 GHz around one day after the burst, which is far below the recent detection
uplimit of FRB 180924’s counterpart (Bannister et al. 2019).
The general properties of the FRB counterparts in our model are summarized in Sections 3.3 and 3.4. The peak flux
density, peak frequency, and RM are found to be strongly dependent on the size of counterparts. This indicates that
the observability and spectrum of the counterpart are determined by the power and repeat rate (or the duty cycle)
of the central engine, and the density of the circum-burst medium. The later mainly influence the expansion speed
of the nebula. Therefore, the evolution of FRB counterparts embedded in different environments is rather different.
In addition, the RM is found to be proportional to the peak flux density RM ∝ Fν,maxD
2
GpcR
−2. Consequently, some
observed FRBs with large RM might be repeaters, and have observable persistent counterparts. Since it has been
suggested that all FRBs may repeat (e.g. Cordes & Chatterjee 2019), it would be interesting to test whether FRB
110523 (RM = −186.1± 1.4 rad m−2, discovered by Masui et al. 2015) and FRB 171209 (RM = 121.6± 4.2 rad m−2,
discovered by Os lowski et al. 2019), are repeating FRBs, and whether they have persistent counterparts.
We thank Bing Zhang, Ruoyu Liu, Wenbin Lu, and Yuanpei Yang for discussions. JSW was supported by China
Postdoctoral Science Foundation.
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